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Exercises

8.1 The Ising model.1 (Computation) ©1

You will need a two-dimensional square-lattice
Ising model simulation, one of which is available
among the computational exercises section on the
book web site [129]. The Ising Hamiltonian is
(eqn 8.1):

H = −J
∑

〈ij〉

SiSj − H
∑

i

Si, (1)

where Si = ±1 are ‘spins’ on a square lattice, and
the sum

∑
〈ij〉 is over the four nearest-neighbor

bonds (each pair summed once). It is conventional
to set the coupling strength J = 1 and Boltzmann’s
constant kB = 1, which amounts to measuring en-
ergies and temperatures in units of J . The constant
H is called the external field, and M =

∑
i
Si is

called the magnetization. Our simulation does not
conserve the number of spins up, so it is not a nat-

ural simulation for a binary alloy. You can think
of it as a grand canonical ensemble, or as a model
for extra atoms on a surface exchanging with the
vapor above.

Play with the simulation. At high temperatures,
the spins should not be strongly correlated. At low
temperatures the spins should align all parallel, giv-
ing a large magnetization.

Roughly locate Tc, the largest temperature where
distant spins remain parallel on average at T = 0.
Explore the behavior by gradually lowering the tem-
perature from just above Tc to just below Tc; does
the behavior gradually change, or jump abruptly
(like water freezing to ice)? Explore the behavior
at T = 2 (below Tc) as you vary the external field
H = ±0.1 up and down through the ‘phase bound-
ary’ at H = 0 (Fig. 8.5). Does the behavior vary
smoothly in that case?

1From Statistical Mechanics: Entropy, Order Parameters, and Complexity by James
P. Sethna, copyright Oxford University Press, 2007, page 174. A pdf of the text is
available at pages.physics.cornell.edu/sethna/StatMech/ (select the picture of the
text). Hyperlinks from this exercise into the text will work if the latter PDF is
downloaded into the same directory/folder as this PDF.

http://pages.physics.cornell.edu/sethna/StatMech/EntropyOrderParametersComplexity.pdf
http://www.lassp.cornell.edu/sethna
http://www.lassp.cornell.edu/sethna
http://www.us.oup.com/us/catalog/general/subject/Physics/QuantumPhysics/?view=usa&ci=9780198566779
http://pages.physics.cornell.edu/sethna/StatMech/EntropyOrderParametersComplexity.pdf
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